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Abstract. Let S be an inverse semigroup with an upward directed set of idempotents E. In 
' _ ' , this paper we define the module topological center of second dual of a Banach algebra which is 

' a Banach module over another Banach algebra with compatible actions, and find it for i^{S)** 

, (as an £^(i?)-module). We also prove that ^^(5)** is {E)-modu\e amenable if and only if an 

Ch ' appropriate group homomorphic image of S is finite. 



1. INTRODUCTION 

[t I . The first author in [I introduced the concept of module amenability and showed that for an 

, inverse semigroup S, the semigroup algebra i^{S) is module amenable as a Banach module on 

' (-^{E), where E is the set of idempotents of S, if and only if S is amenable (see also [2]). The 

first and third authors showed in [3j that t^{S) is weak module amenable, for each commutative 
inverse semigroup S. In |19| I20| the concept of Arens module regularity is introduced and it is 
^ shown that when S is an inverse semigroup with totally ordered subsemigroup E of idempotents, 

^ ' then A = i^{S) is module Arens regular if and only if an appropriate group homomorphic image 

■ 5/ ~ of S* is finite. When S' is a discrete group, we have S/ fn— S. 

• In part two of this paper, we define the module topological center of second dual A** of a Banach 



X 



algebra A which is a Banach 2t-module with compatible actions on another Banach algebra 21. We 



(N ■ show that if an inverse semigroup S has an upward directed set of idempotents E, for the semigroup 

algebra £^{S) as an £^(i?)-module, the module topological center oii^{S)** is i^{S/ «). This could 
. be considered as the module version (for inverse semigroups) of a result of Lau and Losert |17j which 

asserts that for any locally compact group G, the topological center L^iG)** is the same as L^{G), a 
fact which is also proved (using a different proof) by Lau and Ulger in ^18.. The existing semigroup 



; I ' versions of this result usually assume cancellation type properties. For instance, in [13], Lau showed 



that for any discrete weakly cancellative semigroup S, the topological center of £^{S)** is i^{S). 
For the locally compact case, it is shown by Bami in [T5] that for a locally compact, Housdorff, 
cancellative, foundation topological ^-semigroup with identity, such that C^^D is compact for any 
compact subsets C and D of S, we have Zt{Ma{S)**) = Ma{S), where Ma{S) denotes the space 
of all measures fi G M{S) (the space of all bounded complex Radon measure on S) for which the 
mappings x i— > * 6x and x t-^ Sx* from S into M{S) are weakly continuous. There are similar 
results by Filali and Salmi [8] for the Beurling algebra of a weakly cancellative, right cancellative, 
discrete semigroup with a diagonally bounded weight. 

In part three, under some mild conditions, we show that module amenability of the second dual 
Banach algebra implies the module amenability of the algebra, we show that £^{S)** is 1^{E)- 
module amenable if and only if S/ « is finite. For the bicyclic semigroup C, we show that C/ Z 
and conclude that £^(C)** is not module amenable. Since C is an amenable semigroup, we already 
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know that £^{C) is module amenable. The fact that amenability of A** implies amenability of A is 
first proved by Gourdeau in [lUj. Different proofs are provided by Ghahramani, Loy and Willis in 
[9j. Also it was first proved in [9] that for a locally compact group G, the amenability of L^{G)** 
implies that G is finite. We are not aware of any similar result for semigroups. 

2. Module Topological Center 

Throughout this paper, A and 2t are Banach algebras such that A is a, Banach 2l-bimodule with 
compatible actions, that is 

a ■ (ab) ~ {a ■ a)b, (ah) ■ a — a{b - a) {a,b E A, a E 21). 

Let A" be a Banach ^-bimodule and a Banach 2l-bimodule with compatible actions, that is 

a ■ {a ■ x) = {a ■ a) ■ X, a ■ {a ■ x) = {a ■ a) ■ x, {a ■ x) ■ a — a ■ (x ■ a) {a E A,a £^A,x £ X) 

and the same for the right or two-sided actions. Then we say that X is, a. Banach ^-2l-module. If 
moreover 

a ■ x — X ■ a {a E X E X) 

then X is called a commutative ^-2l-module. If A" is a (commutative) Banach ^-2t-modulc, then 
so is A"*, where the actions of A and 21 on X* are defined by 

{a- f,x)^{f,x-a), {a- f,x) ^ {f,x-a) {a € A,a e%x E XJ e X*) 

and the same for the right actions. Let y be another ^-2t-module, then a ^-2l-modulc morphism 
from to y is a norm-continuous map ip : X — 5- y with 1^9(2; ± j/) = ^(x) ± ^{y) and 

(p{a ■ x) = a ■ ip{x), ip{x ■ a) = ^{x) ■ a, Lp(a ■ x) = a ■ (p{x), ip{x ■ a) — ip{x) ■ a, 

for x,y E X,a E A, and a G 2t. 

Note that when A acts on itself by algebra multiplication, it is not in general a Banach ^-21- 
module, as we have not assumed the compatibility condition 

a ■ {a ■ b) = {a ■ a) ■ b (a G 21, a, 6 £ y^). 

If ,4 is a commutative 2l-module and acts on itself by multiplication from both sides, then it is also 
a Banach ^-2t-module. 

If ^ is a Banach 2t-module with compatible actions, then so are the dual space A* and the 
second dual space A**. If moreover ^ is a commutative 2t-module, then A* and the A** are 
commutative ^-21- modules. Also the canonical embedding" : A — > A**; a a is an 2l-module 
morphism. 

Consider the projective tensor product A^A. It is well known that A^A is a Banach algebra 
with respect to the canonical multiplication map defined by 

{a(E)b){c(g) d) = {ac®bd) 

and extended by bi-linearity and continuity [4] . Then A^A is a Banach ^-21- module with canoni- 
cal actions. Let I be the closed ideal of the projective tensor product A^A generated by elements 
of the form a • a 6 — a (23 & • a for a G 21, a, 6 G yl. Consider the map u) G C{A^A, A) defined by 
ui{a®b) — ab and extended by linearity and continuity. Let J be the closed ideal of A generated by 
oj{I)- Then the module projective tensor product A<^q^A = {A<^A)/I and the quotient Banach 
algebra A/ J are Banach 2l-modules with compatible actions. Also the map uj G C{A<^q^AT A/ J) 
defined hy u}{a®b + I) = ab + J extends to an 2t-module morphism. 
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Let □ and <0 be the first and second Arens products on the second dual space A**, then A** 
is a Banach algebra with respect to both of these products. When these two products coincide on 
A**, we say that A is Arens regular. Let Zt{A**) denote the topological center of A** , that is 

Zt{A**) ^{GeA**:F^ GDF is cr(yl**, ^*)-continuous}. 

We define the module topological center of A** (as an Sl-module) by 

Z<a.iA**) = {GeA**:F — > GUF is a{A*\ J^)-continuous}. 

Clearly 2'a(^**) is aCT(yl**, J^)-closedsubalgebraof (yl**, □) containing^. Indeed^ C Zt{A**) C 
Z^{A**)- 

The Arens regularity of A is equivalent to the weak compactness of linear maps TZ\ : A — >■ 
A*;a I-)- a • A, for each A € ^* (see Theorem 2.6.17] for more details). 

Definition 2.1. |20j A is called module Arens regular (as an '^-module) if ^-module homo- 
morphisms R\ are weakly compact for any A £ satisfying A(a • ah) = A(a6 • a), A(c(a • ab)) = 
\{c{ab-a)), X{{a- ab)d) = X{{ab-a)d), and X{c{a-ab)d) = X{c{ab-a)d), for a G 21 and a, b,c,d^ A. 

Proposition 2.2. The following statements are equivalent: 

(i) A is module Arens regular. 

(ii) FUG-FOG eJ^^, F,GeA**. 

(iii) Z,a(^**) ^A**. 

Proof. The equivalence of (i) and (ii) is proved in TP, Theorem 2.2]. 

(ii) (iii): Let F, G G A** and Gj - — > G (where the superscript shows the convergence 
in the weak topology a{A** , J^) generated the family of ti;*-continuous functionals on A**). 

Then F()Gj ^ F<)G and (FDGj - FOGj)(/) 0, for any j and / e J-^, hence FDGj ^ FUG, 
therefore F G Z<}^{A**). 

(iii) ^ (ii): For F, G G A** there is a bounded net (6^) C A with 6^ ^ G. Then FUb^ ^ 

FUG, we have FUbk ~ F(}bk, hence F()bk — > FUG, and since we also have F()bk - — > F()G, we 
get FDG = FOG on J-L. ■ 

By the proof of the above proposition, we have 

Zm{A**) = {G G A** : GUF - GOF e J^^ (F G A**)}. 

Definition 2.3. A discrete semigroup S is called an inverse semigroup if for each s G there 
is a unique element s* G 5 such that ss*s — s and s*ss* = s* . an element e G 5* is called an 
idempotent if e = e* = e^. The set of idempotents of S is denoted by E. 

Throughout this section, S is an inverse semigroup with set of idempotents F, where the order 
of E is defined by 

e < d ■i^==> ed ^ e {e,dEE). 

Then F is a commutative subsemigroup of S, and i^(E) could be regard as a subalgebra of ('^{S), 
and thereby i'^{S) is a Banach algebra and a Banach £^(F)-module with compatible actions. Here 
we let t^{E) act on ^^{S) by multiplication from right and trivially from left, that is 

5e- 5s= 5s, 5s- 5e^ 5se ^ 5s*5e {s E S , C E E) . 
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In this case, J is the closed hnear span of 

{6set - 6st s,t € S,e € E}. 
We consider an equivalence relation on S as follows 

s ^ t 6s - St e J {s,teS). 

It is shown in JHl Theorem 3.2] that if E is totally ordered, then the quotient 5/ « is a discrete 
group. This is a rather strong condition. Let us observe that the quotient S*/ w is a group under 
the weaker condition that E is upward directed. Recall that E is called upward directed if for 
every e, f G E there exist g G E such that eg = e and fg = f. This is precisely the assertion that 
S satisfies the Di condition of Duncan and Namioka [7]. The bicyclic semigroup is an example 
of an inverse semigroup with a totally ordered set of idempotents. On the other hand, the free 
unital inverse semigroup on two generators has an upward directed set of idempotents which is not 
totally ordered, and finally the set of idempotents of the free inverse semigroup on two generators 
(say a and b) is not even upward directed (as there is no idempotent majorizing both aa* and bb*). 
If E is directed upward and e, f G E, then Sg — 5f = 5gg — Sgfg G J, and so g ~ /. Similarly g ~ e, 
hence e ~ /. Now the argument of [191 Theorem 3.2] could be adapted to show that in this case 
S/ ~ is again a discrete group. 

Theorem 2.4. If E is upward directed then Zei(E)ifHS)**) = (^{S/ «). 

Proof. As in [HI Theorem 3.3], we may observe that t{S)/J = (.'^{S/ «). Also by the proof of 
[TOl Theorem 2.4], we have GUF - G()F € J^^ if and only if the images of CDF and G<}F in 
{e\S)**/J^^,D) and {eHS)**/J^^,(}) are equal. Therefore 

Zei(E){i^{S)**) = {Ge A** : GDF - G<}F e J^^, VF e e^{S)**} 
^{Ge A** : GDF = GOF on f{S)**/J^^} 
= Zt{{t\S)/jy*) = Zt{(.\S/ = l\S/ «). 

The last equality follows from [T71 Theorem 1]. ■ 

3. Module Amenability 

Let A and 21 be as in the above section and A:" be a Banach ^-2l-module. Let / and J be the 
corresponding closed ideals of A^A and A, respectively. A bounded map D : A — > X is called 
a module derivation if 

D{a±b) ^ D{a)±D{b), D{ab) = D{a) ■ b + a ■ D{b) {a,b A), 

and 

D{a ■ a) = a ■ D{a), D{a ■ a) = D{a) ■ a (a G ,4, a G 21). 

Although D is not necessary linear, but still its boundcdness implies its norm continuity (since it 
preserves subtraction). When X is commutative, each x E X defines a module derivation 

Dx{a) — a ■ X — X ■ a (a E A). 

These are called inner module derivations. The Banach algebra A is called module amenable (as an 
2t-module) if for any commutative Banach ^-2t-module X, each module derivation D : A — > X* 
is inner [T|. 
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Lemma 3.1. Let A be a Banach algebra and Banach ^-module with compatible actions, and Jq 
be a closed ideal of A such that J C Jq. If A/Jq has a left or right identity e + Jq, then for each 
a e 21 and a £ A we have a ■ a — a ■ a Jq, i.e., A/ Jq is commutative Banach ^-module. 

Proof. We prove the result for the left identity. For each a G 21 and a £ ^, we have (e + Jo)(a • 
a + Jo) — a ■ a -\- Jq and a • a + Jq — a ■ {{e + Jo)ia + Jo)) = {a ■ e + Jo) (a + Jo) = a • ea + Jo, 
so e(a ■ a) ~ a ■ a G Jq and a ■ ea — a ■ a G Jo, also e(a ■ a) — {a ■ e)a G J C Jo. Therefore 
a-a — a-a — a-a — e(a • a) + e(a ■ a) — a ■ ea + a ■ ea — a ■ a £ Jq. ■ 

We say the Banach algebra 21 acts trivially on A from left (right) if for each a G 21 and a € A, 
a ■ a = f{a)a {a ■ a = f{a)a), where / is a continuous linear functional on 21. 

Proposition 3.2. Let A be module amenable as an ^-module with trivial left action, and let Jq 
be a closed ideal of A such that J C Jq. If A/ Jq has an identity, then Aj Jq is amenable. 

Proof. Let A" be a unital ^/ Jo-bimodulc and D : Aj Jq — > X* be a bounded derivation (see [H 
Lemma 43.6]). Then X is an ^-bimodule with module actions given by 

a ■ a; := (a + Jo) ■ x, x ■ a :— x ■ [a + Jq) (a; G A", a G A), 

and X is 2l-module with trivial actions, that is a-a; = x-a — f{a)x, for each x G X and a G 2t where 
/ is a continuous linear functional on 2t. Since f{a)a — a • a G Jo, we have f{a)a + Jq ^ a - a + Jq, 
for each a G 21, and the actions of 21 and A on X are compatible. Therefore X is commutative 
Banach A2l-module. Consider D : A — > X* defined by Z)(a) = D(a + Jo) (a G y^). For a,b £ A 
we have D{a ± 6) = D(a) ± D{b) and D{ab) — D{a) - b + a- D{b). Also A/ Jq is an 2l-module, hence 
for a G 21, we have 

b{a ■ a) = D{a ■ a + Jq) = D{f{a)a + Jq) = f{a)D{e + Jq) = D{e + Jq) ■ a. 

On the other hand, since the left 2l-module actions on A and X are trivial, D{a-a) = D{f{a)a) = 
f{a)D{a + Jq) = a ■ D{a). Therefore there exists x* G X* such that L)(a) ~ a ■ x* — x* ■ a , hence 
D{a + Jq) — {a + Jq) ■ x* — x* ■ {a + Jq), and so D is inner. ■ 

Proposition 3.3. // 2t has a bounded approximate identity for A, then amenability of Aj J 
implies module amenability of A. 

Proof. Let A" be a commutative Banach ^-2l-niodule. Since J ■ X — X ■ J — the following 
module actions are well-defined 

(a + J) • .T := a • a:, a; • (a + J) := a: • a (.t G A", a G .4), 

therefore A" is a Banach ^/J-module. Suppose that D : A — 5- X* is a module derivation, and 
consider D : A/ J — > X* defined by D{a + J) = D{a) {a G A). We have 

D{a ■ ab — ab ■ a) = a ■ D(ab) — D{ab) ■ a = Q. 

By the above observation, D is also well-defined. Since 21 has a bonded approximate identity for 
A, it follows from the proof of Proposition 2.1] that D is C-linear, and so it is inner. Therefore 
D is an inner module derivation. ■ 

If S is an inverse semigroup with an upward directed set of idempotents E, then E satisfies 
condition Di of Duncan and Namioka, so £^ [E) has a bounded approximate identity [7] . If {5^^ ) 
is a bounded approximate identity of £^{E), then * Sg = Se^ * Sss*s = ^e^ss* * — > Sg, and 
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similarly for the right side multiplication. Therefore (E) has a bounded approximate identity for 
£^{S). We use this fact to prove following result, which is the main theorem of this section. 

Theorem 3.4. Let S be an inverse semigroup with an upward directed set of idempotents E . 
Then £^{S)** is module amenable (as an £^{E) -module with trivial left action) if and only if the 
discrete group S/ « is finite. 

Proof. Let us move for a moment to the general case and let A'' be the closed ideal of A** generated 
by {a ■ F)aG - Fa{G ■ a), for F,G € A** and a G 21. Then clearly J C TV. Take two bounded 

nets (flj), (6^,) C A with aj — > F and 6^. ^ — > G, then 

{{a ■ F)DG - FD{G ■ a),f) = {a.iFDG) - {FDG) ■ a, f) 

= {FUG, f-a-a-f) 
= limlim(ao 6fe, f ■ a ~ a ■ f) 

j k 

= limlim(/, (a ■ aj)bk - a.j{bk ■ a)) 

j k 
= 0. 

Therefore N C J^^. Hence we may consider J — N and Jq = J^^ in Proposition 3.2 applied 
to A** . Going back to the case where A — £^{S) and 21 — £^{E), since 5/ « is a discrete group, 
^ jf ^ = £^{S/ «)** has an identity. It follows from Proposition 3.2 that £^{S/ «)** is amenable, 
hence by P! Theorem 1.3], S/ w is finite. 

Conversely, if S/ w is finite, then £^{S)/J is amenable. Suppose that A:" is a Banach £^{S)** /N- 
bimodule and D : £^{S)**/N — X* is a derivation. Then X is £^(5)/ J-bimodule with module 
actions given by 

{6s + J)-x:=i6s + N)-x, x-{Ss + J):^x-iSs+N), {xeX,seS). 

Consider the linear map cj) : £^{S)/J — ^^5*)**/^^; 6^ + J ^ 5^+ N. It is clear that D o </) is a 
derivation on the amenable Banach algebra £^{S)/J, and so it is inner, hence D is inner. Therefore 
£^{S)** /N is amenable. By Proposition 3.3, £^{S)** is module amenable. ■ 

Consider the multiplication map G Z{A<^A, A) defined by Loj^{a ®h) = ah and extended by 
linearity and continuity to a homomorphism of Banach algebras. The module analog of this map is 
UJJ^ G 2,{A^<^A,A/ J) defined by (a (8) 6 + /) = ab+J, extended to a 2l-module homomorphism. 
Then and 5^*, the first and second adjoint of ujj, are 2t-module homomorphisms. It is proved 
in [9, Lemma 1.7] that there is a continuous linear mapping il : A**^A** — > {A0A)** such 
that for a,h,x e A and m G A**(^A** the following hold: 

(a) fi(a ® &) = a ® 6, 

(6) n{m) ■ X — Q{m ■ x), 

(c) X ■ fl{m) = fl{x ■ m), 

(d) (c^^)**(r!(TO))=c^^«(m). 

We want to have a similar result for the module multiplication map. To this end, let us first 
briefly go over the proof of the above result. We have an isometric isomorphism between the space 
of bihnear maps from A x A into C and {A^A)* given hy T ^ ijjx where ipria, (Si b) — T{a, h). 
The map 17 is then defined by 

{n{F ®G),i^T) = limlim(?/'T,aj (8)6fc), 
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where (aj), {b^) are bounded nets in A such that aj F and G. Now let A**^(^A** be 

the module projective tensor product of A** and A**, that is A**^<^A** = A**<^A** /M, where 
M is the closed ideal generated by elements of the form a-F(E)G — F^G-aioia and 
F,Ge A**. Define f^a : A**'^A**/M — > {A^A)**/I^-^ via 

^<ii{F ®G + M)^ Q{F (g) G) + I-^^. 

Then for ip ^ I-^ and a G 2t we have 

(ri(a - FiSiG — F<SiG-a),ip) — limlim((^, a ■ a. ®bk - a, ® 6^, ■ a) = 0, 

hence fi^ is well-define. Let iV be the closed ideal defined in the proof of Theorem 3.4, then we 
know that N C J^^, so the map A : A**/N — > A**/J^^;F + N — > F + J-^-^ is a well defined 
continuous homomorphism. For a,b, x ^ A and m G A**^A** we have the following equalities: 
(f ) fia(a ®b + M) =a^b + I^-^, 

(2) risa(TO + M) - x ^ ■ x + A/), 

(3) X ■ n<^{m + M) = rJa(a; • m + M), 

(4) w7(rJa(™ + M)) Aow^..(to + M). 

Parts (l)-(3) are proved similar to (a)-(c) in [21 Lemma 1.7]. To see (4), given a = a+ J G A/ J, F 
and G in A** ^ take bounded nets (a^), (fefe) in ^ with and 6^. G, then 

(c:;7(r!a(F®G + M),a) = (r!(i^ ® G) + /^^, (i^(a)) 

= limlim(w^(a), a,- ®bk + I)) 

j k 

= limlim(a, Qjbp; + J) 
j k 

= {FaG+J^^,a) 

= {X{FaG + N),a) 

= (Aow_4..(F«)G + M),a). 

Definition 3.5. [T| A bounded net in A^,^A is called a module approximate diagonal if 
uj^{^j) is a bounded approximate identity of A/J and 

limll^j -a-a-^jll =0 (aeA). 

j 

An element E G {A^t^A)** is called a module virtual diagonal if 

i-^) ■ o, — o., E ■ a — a ■ E (a G ^) , 

where a = a + J^^ . 

Proposition 3.6. Let A be a commutative Banach '^-module such that A** is %-module amenable, 
then so is A. 

Proof. We have J = {0}, hence N = J^^ = {0}, in this case. Since A** is module amenable, 
by [H Proposition 2.2] it has a bounded approximate identity, so .4** has a module approximate 
diagonal {m^} in A**^^A** by [3 Theorem 2.1]. For F G A** and a G ^ we have Cbj,,* {rrii)F — > 
F and rfii ■ F — F ■ mi — > 0. By an arguments similar to what is used to prove part (4) above, 
we get Lb*_^{Q.■Q^{mi))F — > F and Oa(mi) • a — a • U,<^{rni) — > 0. Since {^%{rrii)} is bounded, it 
has a cluster point E in {A^A)** / 1^^ = ^^^h that Q'Xi^) ■ o, ^ a and E ■ a = a ■ E. 

Therefore is a module virtual diagonal for A, and by y[i Theorem 2.1] A is module amenable. ■ 
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We finish by two examples. First we give an example for which A is module amenable but A** 
is not. In the second example A** is module amenable but it is not amenable. Note that in these 
examples A is not a commutative 2l-module, as the left action is taken to be trivial. Let C be the 
bicyclic inverse semigroup generated by p and q, that is 

C = {p"'q'' ■.m,n> 0}, = 

The multiplication operation is defined by 

The set of idempotents of C is Ec — {p^q^'' : n — Q. 1, ...} which is totally ordered with the following 
order 

< p^g™ ^ m < n. 

C is isomorphic to the semigroup 

({e, s \ se ^ es ~ s^te — et — t, st — e,ts ^ e}). 

Consider the equivalence relation « on C defined before Theorem 2.4. Clearly es w se « s. Also 
since ts and st are idempotents, ts st fa e. Therefore 

C/ ({s, t, e\st « is « e, se « es « s}) 

which is the cyclic group generated by s. The element s is not an idempotent, so s is not equivalent 
to e. If for some fc € N, s'' w s*^"^, then S^k — 6gk-i G J, so Ss — Se ~ S^htk-i — Sgk-i^k-i £ J, 
therefore s w e, which is a contradiction. Thus C/ w is isomorphic to Z, and hence £^{C/ is 
amenable. It follows from Theorem 3.3 that £^{C) is ^^(i?c )-iiiodule amenable. On the other hand, 
since C/ ~ is infinite, by Theorem 3.4, £^{C)** is not ^"'^(i?c)-module amenable. 

Next let (N, V) be the semigroup of positive integers with maximum operation, that is to V n = 
max{m,n), then each element of N is an idempotent, hence N/ ~ is the trivial group with one 
element. Therefore ^^(N)** is ^^(ii^N)-inodule amenable. Since N is infinite weakly cancellative 
semigroup, £^(N)** is not amenable [5', Theorem 1.3]. 
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